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Course Organization

Midterm Test: 6-7 week, max. 25 pts

2-3 projects, valuation of derivative contracts, max.
30 pts., presentations of selected solutions

Final Test — TBA (last lecture or during the exam
period), max. 45 pts.

— Excellent: 90-100
— Very good: 75-89
— Good: 60-74

The Final can be repeated only if the total score is at
least 50

Slides, project assignment, and scores on ISIS



Literature

Requirement | ISBN Title Author Year of
Publication
Required 978-80-245- Financial Derivatives — Witzany, 2013,
1980-7 Valuation , Hedging and Jifi Oeconomica
Risk Management
Alternatively 978-80-245- Financial Derivatives and Witzany, 2012,
1878-7 Market Risk Management, | Jifi Oeconomica
Part |1
Recommended” | 978-0-13- Options, Futures, and Other | Hull, John | 2012, 8"
216494-8 Derivatives, 841 p. C. edition, Pearson
Recommended | 978-80-245- Financial Derivatives and Witzany, 2011,
1811-4 Market Risk Management, | Jiri Oeconomica
Part |
Optional 0387249680, | Stochastic Calculus for Steven, E. | 2004-5
0387401016 Finance |11 Shreve
Optional 978-80-7431- | Matematika cennych Cipra, 2013
079-9 papirt. 288 s. Tomas
Optional 978-0-470- Paul Wilmott on Paul Wiley, 2006
01870-5 Quantitative Finance Wilmott

1) The course should cover chapters 5-8 from Witzany (2013)

or Chapters 19-31 from John Hull, 8" Edition (2012)

Source: Author



Content
Introduction — overview of B.-S. option
pricing and hedging
Market Risk Management and
Measurement

Estimating volatilities and correlations

Interest Rate Derivatives Pricing-
Martingale and measures

Standard Market Model




Content

Convexity, time, and quanto adjustments

Short-rate and advanced interest rate
models

Volatility smiles

EXxotic options

Alternative stochastic models
Numerical methods for option pricing
Credit derivatives




Introduction — an overview from
Financial Derivatives |
Forwards, Futures, Swaps, and Options

Forwards, futures, and swaps are unconditional
derivatives while options are conditional

Call/Put, long/short position, European/American, in/at/out
of the money, intrinsic/time value

Stock options — mostly exchange traded — CBOE, PHLX,
AMEX, PACIFEX, EUREX

Options on indices — exchange traded — cash settlement
Currency options - exchange traded and OTC

Options on futures contracts — exchange traded — options
to acquire long or short position in a futures contract

Expiration date and strike price is defined — options are
traded at a premium



General one-step binomial tree

* Ariskless portfolio can be set-up in general

* Risk-neutral probabilities can be calculated
as follows

e —d

f,—f, of

— ~y

S Su-S,d 85

EQ [S:]= SO'erT
_ Eo[S;-e" [0]=S,e™
f=e" (CI fu + (1_ q) fd) =e " EQ[fT]

Source: Author
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No-Arbitrage approach

Consider a stock with current value S,, which can move over period
T, either to Sy, Or Sgown

We want to calculate the value of call option f with strike price K
and maturity T

We can construct a riskless portfolio consisting of 1 short call
option and A long stocks

The value of the portfolio now is: Py, = ASy — fy

In order for the portfolio to be riskelss, it must hold that:
ASy, — max(SUp - K, 0) = ASpown — max(Spouwn — K, 0), Or:
ASUp - fUp = ASpown — foown = AST — fr = Pr

fUp_fDown

We can thus calculate the value of A as: A=
SUp_SDown

The riskless portfolio must earn the riskfree interest rate: P = Pye’”
Thus: PT = erT(ASO — fo)
The option price f, is the only unknown, so we can easily calculate it o



Risk-neutral Valuation

« Note, that the result does not depend on probabilities
of the two scenarios

 However if we set up g, probability of the movement
up, so that E(S;)=S,eR" (the stock return equals to the
risk-free rate) then it turns out that the price of the
option equals to the discounted expected pay-off

« Risk neutral valuation principle: we can assume that
the world is risk neutral when pricing an option. The
result is valid also in the real world which is not risk-
neutral!



Risk-Neutral approachx

In the risk-neutral world:
— Asset prices grow on average with the risk-free interest rate

— We can compute the value of any derivative at time t, by
calculating the risk-neutral expected value at time T and then
discounting it with the risk-free rate to time t

We will further denote risk-neutral expectations as E
In the risk-neutral world it holds that: E,(S7) = Spe™!

In the binomial tree setting this means that:
So=egruxSy+ (1 —q)*d=*S]

Where u and d denote the potential increase/decrease
and g is the risk-neutral probability of increase

el —d
u—d
And option can be valued as: f, = e "[qf,, + (1 — @) f4] 10

The risk-neutral probability is then: g =



Two-step binomial trees

S[]HZ
UH

The binomial tree
IS recombining

Source:
https://quant.stackexchange.com/questions/21

773/binomial-tree-notation, Author
Sod’
fdef

Figure10.6 Stock and option prices in a general two-step tree

The option price equals to the discounted expected pay-off

Inarisk neutral world ¢ _ o7 E[f,] .
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KBP FFU

* A general discount factor g ... numeraire

* Define the risk neutral probability so that

Z,=0qZ,+(1-q)Z, where Z :% g=e Tt

* And use the replication argument to show that
flg is a martingale

SU’ fu
g le s 1-q) e =g, {LIO}
Jo O oF Or J
asf =aS+ fg S, f.
Jo
Sd' 1:d
Source: Author gd
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Continuous Stochastic Modeling
of Stock Prices

Stochastic proces — variable x; whose value depends on
time t and changes in an uncertain way

f (x;) is the distribution of variable x; at time t
Discrete/continuous time, discrete/continuous variable

Markov proces — only the present value of a variable is
relevant for the future: f(xspn|xs, b xg) = f(xpan|xs )

Market rates (stock prices, exchange rates, interest rates,
etc.) are usually assumed to follow the Markov proces (vs.
Technical analysis)

Martingale — the expected value of the variable in the
future is equal to the current value E(x;yp|x¢, ..., Xg) = X;

13



Wiener process

Continuous time proces — any time period can be divided into
arbitrary number of steps

Wiener proces (Brownian motion) — Continuous Markov proces,
where z(1) — z(0) has distribution N(0,1) and the distributions are
uniform and independent for small time steps

Properties of the Wiener proces:
1. z(0) =0
2. z has independent increments
3. z(t+u)—z(t) ~N(0,u) (i.e. normal distribution with variance u)
4. z has continous paths with probability 1

Stochastic difference equation: dz = eVdt where ¢ is random
variable with the distribution N(0,1)

Square root of time rule: z(T, + t) — z(T,) has distribution N(0, t)
Generalized Wiener proces: dx = adt + bdz

i.e. x(Ty + t) — x(T,) has the distribution N(at, bt) 14
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Wiener proces illustratio

A
:F:Jfl};l%g X Generalized
' Wiener process
dx=adt+ bdz
l dx=adi

Wiener process, dz

Time

Figure11.2 Generalized Wiener process: a = 0.3, b = 1.5

Source: John Hull, Options, Futures, and Other Derivatives, 5th edition 15
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Ito’s process

dx =a(x,t)dt +b(x,t)dz, where dz is the Wiener
process increment

The drift and the variance depend on x and t

The process for Stock prices S: normally
distributed annualized rate of return with
expected value ¢ and standard deviation o
(observed for a small time periods, not one year)

Geometric Brownian Motion
dS = 4Sdt + oSdz

It turns out that S(T) Is not normally distributed,
but lognormally distributed

16



Ito’'s Lemma

e If G=G(x,t) where x follows an Ito‘s

Process
dx =a(x,t)dt +b(x,t)dz,

then G follows the Ito’s process

2
dG = (ﬁ +@+18 G szdt+2—6bdz
X

OX ot 2 ox°

where dz |s the same as above.

17
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Derivation of Ito's Lemma

« Ito‘s Lemma can be derived from Taylor series expansion
« Let x follow an Ito‘s proces:

o dx =a(x,t)dt + b(x,t)dz

« And let G be afunction G = G(x, t)

« The Taylor series expansion of G would be:

10%G
. dG——dx+ dt+——d + -

. Substltutlng for dx we get

. dg=2% (adt + bdz) + dt + 16—(" ’ (a%dt? + 2abdtdz + b2dz?)

o |t holds that dt?® =~ 0 and dtdz ~ O, but dz? = dt
« By rewriting the formula we get the Ito‘s Lemma:
2

e dG = (aGa +— +la—b2) dt +—bdz

0 2 0x?
18
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Application of Ito's Lemma

« Let S follow a Geometric Brownian Motion:

 dS = uSdt+ o0Sdz

« And let ¢ be a function ¢ = In(S)

* Process followed by G can be derived with Ito‘s Lemma:

102G 202
. dG = (—us+—+—— 1y )dt+—anz
2 052
» \We can compute the derivatives as:
L3 _1 a6 _, a_ _1
s S ot sz s?

* By substituting for the derivatives, we can get:

e dG = (,u—%az)dt+adz

19

FINACIAL DERIVATIVES I



Lognormal property

* Let G=In S, where S follows the
geometric Brownian motion, then
applying the Ito's lemma we get:

2
dez(u—%jdtmdz

 Which i1s a Generalized Wiener Process

» Consequently In S(T)-In S(0) has the
normal distribution N((u-c4/2)T, °T)

20



Lognormal property
* Lognormal property of stock prices

dS = 4Sdt + oSdz
dS
< ~ N (,udt,azdt)

InS; —InS, = N ((,u—O'Z/Z)T,O'ZT)

InS. =N ( In SO+(,u—02/2)T,02T)
21

FINACIAL DERIVATIVES I



Lognormal property of Stock prices

* It can be shown that

E(S;)=S,¢e"

var(S, ) = S,%e*T (e " —1)

» Stock price can be modelled/simulated as

S, =S,e"
02 02
~N| -2 2
7 (“ 2T
22
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Lognormal distribution

Lognormal Distribution

—f(x)

0
0

Source: https://www.vosesoftware.com/riskwiki/LognormalBdistribution.php, 23
Author
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Assumptions of the Black-Scholes Model

1.

The asset price follows the geometric Brownian motion
process with constant drift and volatility (lognormal

returns): ds = 4Sdt + oSdz
There is no income paid by the asset.

The risk free interest rate r is constant. We can lend and
borrow at the same rate and without any restrictions.

There are no transaction costs and taxes.
Assets are arbitrarily divisible.

Short selling of securities is possible without
restrictions.

There are no arbitrage opportunities.

Security trading is continuous; I.e., we can trade in
Infinitesimal time interval. 24




Black-Scholes differential equation

dS = uSdt + oSdz
Ito‘s lemma applied to f = f(S,t) :

2
df = L s+ & 10T pogz 1t O sy
5" e 285 as

Risk - less portfolio: - 1 option + A stocks, i.e.

[M=-f +ﬂ8
0S

25
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FINANCIAL GINEERING
Black-Scholes differential
equation
4 Call |
price, ¢
Slope = 0.4
Stock price,é’
Figure 12.2 Relationship between ¢ and §
Source: John Hull, Options, Futures, and Other Derivatives, 5th edition
26
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Black-Scholes differential
eguation

Combing the SDEs for dS and df

dH=—df+?dS=

2
[ s b LT e N e+ st + S sz =
o5 ot T2 082 o5 s s

2
= — q+la 20282 dt
ot 20S

27
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Black-Scholes differential
eguation

Hence the portfolio is risk less, as expected, and so

dIT=rI1dt

[81: 10°f

~o°S* dt:ert:r(—f+ﬂS)dt
ot 208 oS

And we get the Black-Scholes-Merton partial differential equation:

ot 88 2 05°

2
of 8f (S . 1af0282=rf

28
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Risk-neutral valuation

The Black-Scholes-Merton equation does not
depend on the expected return , I.e. on investors
risk preferences!!!

We can assume that we are in a risk-neutral
world.

The result will be the same as in the real world
with risk sensitive investors.

Consequently we can simply discount the
expected pay-off of an option using the risk free
rate.

The result will be the unique solution of the
differential equation

29



The Black-Scholes Formula

« Consider a European Call option

* Then in the risk neutral world, where ds = rSdt + 5Sdz
the value of the option at is:
c, = "E[c,]=e " E[max(S; —K,0)]

* Using the lognormal property of S; we obtain

¢, =S,N(d,)—Ke""N(d,)
] CIn(S, I K)+(r+c12)T
1= O'\/-F
IN(S, / K)+(r—c?12)T
d, = —2 —d,—oT
2 G\/-F 1 G‘/_
Source: Author 30
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The Black-Scholes Formula

« Similarly for a put options with the same Kand T

po — Ke_rT N (_dz) o So N (_dl)

Source: Author

« The formula also follows from the put call parity

« The function N(x) denotes the standardized
cumulative normal distribution, for example

NOMSDIST(x) in Excel

Figure 12.3 Shaded area represents N{x)

Source: John Hull,
Options, Futures, and
Other Derivatives, 5th

edition 31
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Derivation of the BS Formula o
(for a European Call Option)

Our goal is to calculate E[max(S-K,0)]= T(S —-K)g(S)dS with S=S,

InS [ N(m,wz), where m =1In SO+(r—%aij and w* =o°T.

INS—m X272
. _ SYdS = p(X)dX =——¢e dX
Substitute X " and so g(S)dS =p(X) o

0

E[max(S—-K,0)]= [ (™™ =K)p(X)dX =
(InK—m)/w
i 1 (—X2+2Xw+2m)/2 h 1 e
= ——¢€ dX —K —— e 7 dX
(ink my/w N 27T (In ij),w N2

The second integral is easy:
[ e =NCnK-m/w)  NK)=®()=PIX <x]= [ p(X)dX

(nK=my/w V 2r
32
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x X +
~E A EN G

0
b

Z
74
O

FINAN EER
Derivation of the BS Formula
Regarding the first integral:
—X?+2Xw+2m (X —w)* +2m+w’
2 2
T 1 (=X 2+2Xw+2m)/2 m+w?/2 h 1 —(X-w)?/2
——e dX =e ——e dX =
(In K'—[m)/w \N2rn (nK—m)/w V 2r
=e™"ZN (w—(InK —m)/ w).
It is easy to check:
~(INK-m)+w* —-InK+InS,+rT -c°T /2+0°T
—(InK -m)/w= = =
w—(In m)/w v "
_ InSO/K+(r+azT)/2:d
T .
InK—m)/w= InS,/K+(r—o°T)/2 _d, aMHWI2 _ alnSe T _ S,e”
oT
Andso  |c=e"(Se™N(d,)~KN(d,))=S,N(d,) —e TKN(d,)
33

Source: Author
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The Greeks

Partial derivatives of an option (portfolio) market
value measure sensitivity with respect to the
relevant variables

Delta, Gamma — the 1st and the 2nd derivatives
w.r.t. the underlying asset price

Vega — the derivative w.r.t. the volatility variable
Rho — the derivative w.r.t the interest rate

Theta — the derivative w.r.t. to time, ususally
measured as the change of value ,per day”

The Greeks are used for hedging... Delta-
hedging, Vega-hedging, Gamma-hedging e.t.c

34



The Greeks and Delta Hedging

For a European call option on a non-dividend paying stock
For a put option use the put-call parity c+Ke'" = p+S,

ocC
A === =N (d,) Vo =V = SVT —tN'(d,)
APUt ZZ; - N(dl) —1 LPeal = K(T _t)e_r(T_t)N (dz)
N'(d,) _ _SN'(d)o e
1_‘call :Fput — SG\/Tli—t ®call 2\/* —rKe ( )N(dz)

Example (Delta hedging): Consider a portfolio consisting
of three different option positions on the same underlying asset

with deltas +100, -60, +30. Propose an appropriate delta hedging
using a forward contract with the same (no income) underlying.

35



Value and Delta decay

Call option Value decay

140

45 T T T
—T=1Year
40 -=——T=6Months
~——T=3Months
35 -=—T=1Month 1
——T=1Week
30
()
=
25 8
5
%120* 7
o]
15 1
10 :
5
0 1 1 1 Il
60 70 80 90 100 110 120 130
Stock price
1 Call option Delta decay
—T=1Year
——T=6Months
~=T=3Months
0.8 '—T=1Month 1
—T=1Week

o
o

Option delta
o
I~

0.2

60 70

80

90

100

Stock price

110

120

130

140

x x +
FINANCIAL ENGINEER

Put option Value decay

140

40 T i
—T=1Year
35 ——T=6Months ||
~=T=3Months
| =—T=1Month ||
30 —T=1Week
5 25+ 1
@
>
c 20
iel
=1
O 15~ |
10 - a
5 - 4
0 Il Il 1
60 70 80 90 100 120 130
Stock price
0 Put option Delta decay
—T=1Year
—T=6Months
~=T=3Months
02" —1=1Month 1
—T=1Week

Option delta

60 70

80 90

100
Stock price

120 130

140

+
ING

Source: MATLAB
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Gamma and Vega decay

Call/Put option Gamma decay Call/Put option Vega decay

0.15 T 40 T
——T=1Year —T=1Year
——T=6Months 35— T=6Months
~—T=3Months T=3Months
—T=1Month 30 . =—T=1Month
——T=1Week —T=1Week
o 015
= © 25
£ 53
S >
: §%
5
15+
Oo.0s}
10 -
5 _ /\A
0 — — 0 . I I I
60 70 80 90 100 110 120 130 140 60 70 80 90 100 110 120 130 140

Stock price Stock price
Source: MATLAB

Gamma and Theta are the same for Call and Put
options on the same underlying and with the same
strike price and maturity

All charts were generated for K=100, 0=20% and r=2%

37
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Option theta
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Call option Theta decay
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Theta and Rho decay

Put option Theta decay

5 T T
0
-5
-10
-15
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Source: MATLAB
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Call vs. put option theta

We can see that while the call option theta is always negative (i.e.

option value decreases with time), put option theta is positive for
deeply in-the money options
Time to maturity influences the option price through the following
channels:

— Discounting of future payoff (negative for call and put options)

— Dirift rate of the stock price (positive for call, negative for put)

— Through the volatility of future payofff (positive for both options)

The drift rate channel is always stronger than the discounting

channel for call options. Together with the volatility channel it thus
assures that option value decreases as T decreases.

For put options the effects of the drift and discounting work in the
opposite direction (with respect to T) than the volatility effect

The result is that for deeply in the money call options (for which
vega is low), the value may increase as T decreases

This is why American put options on a non-dividend paying stock
may sometimes be exercised before maturity (unlike calls)

39



Delta, Gamma, Vega hedging

Delta hedging — With stock or futures

Gamma hedging — With another option

Theta hedging — With another option (by hedging
Gamma, we hedge Theta as well)

Vega hedging — With another option (if we want to
hedge Gamma as well, we need two options)

Rho hedging — With money market instruments

Hedging all Greeks: First hedge Vega and Gamma by
using 2 other options (with short and long maturity),
then hedge the remaining Delta with stock or futures,
and finally hedge Rho on the money market

40



Delta Hedging Example

« Atrader that has just sold an at-the-money straddle
on 1000, and bought an out-of the money call on
1500 non dividend paying stocks.

* The actual stock price is S =50, we assume constant
Interest rate r =1% and volatility o =15%. All the three
European options have six months to maturity, T =0.5,
the strike price of the straddle call and put options
IS K =50, and the strike of the out-of-the money call
IS K=60 . The trader has received a net initial
premium of €5 000 and currently is in a profit around
€940.

41



Delta Hedging Example

Portfolio Value Portfolio Delta

oooooooooo

4000 - 1000 -
2000 -
S 800 -
0 . N . . .
30 40 50 \se_/m 80 600 1
00000 |
400 -
-4000
200 -
00000 |
0 . .
S
0 70 80

00000 7 ' ' '
3 40 50
000000 b _200 )

Source: Author

Development of the option portfolio value and
delta depending on the underlying stock

42
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Delta Hedging Example

Day S Port. delta | Or. port. value| Delta pos. | Buy/sell Cost Cum.cost | Total portf.
1] 50,00 29,50 942,89 - 29 29 1 450,00 1 450,00 942,89
2| 51,00 - 85,15 913,89 85 114 5814,00 - 4364,00 884,89
3] 51,50 - 135,87 858,71 135 50 2 575,00 - 6939,00 872,21
4] 52,00 - 181,37 779,57 181 46 2392,00 - 9331,00 860,57
5| 53,00 - 254,95 560,49 254 73 3869,00 -13 200,00 822,49
6] 53,50 - 282,43 426,55 282 28 1 498,00 -14 698,00 815,55
7] 54,00 - 303,51 280,53 303 21 1134,00 -15832,00 810,53
8| 55,00 - 326,54 - 35,01 326 23 1 265,00 -17 097,00 797,99
9| 57,00 - 302,30 - 67510 302 24 1 368,00 -15729,00 809,90

10] 59,00 - 206,34 - 1190,40 206 96 5 664,00 -10 065,00 898,60

Source: Author

Simulation of a dynamic portfolio delta-hedging

43



Gamma and Vega Hedginxg |

Example

« Gamma of the portfolio -122 can be offset by a long
position in more liquid options, e.g. by a long one
month straddle

Portfolio Value Portfoliodelta

000000
000000

000000

000000

Gamma-hedged portfolio) we also need to use
longer maturity options, e.g. 1 year, and solve a set
of equations with two unknowns

44



Higher order Greeks

* Black-Scholes model uses only one second-order
Greek (gamma), but more complex option pricing
methods (Heston model, Vanna-Volga method, etc.)
work commonly with second-order Greeks:

v _9A  ov  9%f - oA 9%f
A = 56 = 8s ~ 8Saa MM =3¢ ~ 352
ov _ 0°f ar o93f
Vomma = 95 952 Speed = TS — 33

« Large option traders and market-makers also
commonly use second or even third-order greeks
(e.g. Speed) to hedge their portfolios

45



Options on Income Paying Assets

 If an asset with price S(t) pays continuous income
g than its drift must be reduced by q compared to
assets paying no income and with the same risk

* In the risk neutral world dS = (r-g)Sdt +oS5dz

« If U(t) = S(t)e 9™ then dU = rUdt + ocUdz and S(T) =
U(T), U(0)=S,e " ... reinvestment policy

» Use the same formulas (put-call parity, pricing, and
Greeks) as for options on non-dividend stocks but
replace S, by S,e-dT Il

« Applicable to options on stock indices or on
foreign currencies (q = ryyign)

46



Options on Futures

« Options on futures are settled by entering in a futures

position and by an immediate gain-loss settlement (i.e.

F-K or K-F)
« For a futures on a non-dividend paying stock
F = Ser(T—t)
« Conseqguently in the risk neutral world
dF = (r-r)Fdt + ofFdz = ofdz
» Use the same formula as for options on non-dividend
stocks but replace S,=F, by Fe'™ (g=r)
« Options on futures are usually American type — the
formula above applies only to European options on

futures! ... European and American prices coincide for
calls not for puts
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Market Risk Management and

Measurements
« Risk: market, credit, operational, liquidity

* Independence of risk management

organization is of key importance

Shareholders
Supervisory Board

Source: Author

Internal Audit CEo
and Control
Investment Business Products and Operations CFO: CRO : Risk
Banking Divisions Marketing IT Finance Management
|
Asset and Liability Market Risk Credit Risk Operational Risk
Management (ALM) Management Management Management
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Market Risk Management

Market Risk Department sets limits, measures,
and controls not only the market itself but also

the counterparty risk
« Atypical organization structure between the Risk
and Investment Banking

Risk Management }--- Investment
: Banking
1| New Product
Committee
Retail and Financial .
, - Market Risk , _ _ Back office
Corporate Credit| | Institutions and Middle Office Front Office
Risk Country Risk Management

Source: Author
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Classical Market Risk Measures

Value of investment — number of securities
held

Treatment of unsettled spots/forwards

How to combine positions in different
securities — take into account correlations?

The simple measures are often used to set
basic limits — not precise, but easy to
evaluate
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Interest Rate Risk Management

Gap analysis, Duration and Basis Point Value
BPV =V (r —0.01%) -V (r)

BPV 2D xV x0.01%
Can be also used for a set of maturities

BPV' =V(r,..., [ —0.01%,..., 1) =V (F,,...,T;)
AV = > x,BPV'
=1

Portfolio of bonds iIs divided into cash-flows for
each time from 1...n

Sensitivities to 1bp parallel shift, twist of the term
structure - Principal Component Analysis (PCA)
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General Delta Sensitivity Approach

e Sensitivities with respect to relevant market
factors

AV =V (X +AX ooy Xy + A ) =V (X, e xm);Z—Ax.
* Or including the second order derivatives

AV = Za—vAx+ zm: o

i1 OX. 2 {57 OX%0X;

AX;AX;

* The risk factors can be: Stock prices, stock

Indices, Interest rates, yields, exchange rates,

commodity prices, implied volatilities, etc.
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Value at Risk

* “How large loss can we suffer on a portfolio
(or business activity)? And what is the
probability of such a loss?”

AV =V (X(t+At)) -V (x(t))

VaR™ (At,a) = —q,_, VaR™ (At,a) = E[AV]—-q,_,

Valueiat Risk
CVaR - expected
shortfall

020 |

CVaR%S = —E[AV|AV < —VaR%5]

CVaR" = E[AV] — E[AV|AV < —VaR%bs]

Source: Author

0 05
AV

pdf
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VaR estimation methods

Historical simulation

Analytical VaR

— Linear vs. Non-linear approximations

— Gaussian vs. t-distribution

Monte carlo simulations

— Simulating returns from a distribution

— Simulation of stochastic processes (SVJD)

Advanced approaches (extreme value
theory, copula functions, etc.)
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Historical VaR

For all factorsj=1,..,mandtimesj=1,...,N

calculate the historical retumns: | xf —
Compute projected portfolio  ~ %

returns for all scenarios: Y} =x,(t)(1+r])

The scenarios {v(y')...v(y")} representthe empirical
multivariate distribution of V(x(t + At)) e
Empirical quantiles can Histogram

be used to compute

VaR and CVaR L

Standard error: s:f(lq)\/@ E“QZ .|I‘| ‘I

Alternativelly we can get s :
with bootstrapping R UNR NI R R \F:z;luimﬂfcﬂ’z?l‘( ;,Mi‘a,i* KICICN @56



Analytical VaR

In the case of normally distributed portfolio returns
VaR and CVaR depend only on volatility o:

(AN
VaR" = u—(u+o),)=—0a, =0} cvar =210

o

We can use linear aproximation to estimate portfolio

variance as:

m m
-1 i, j=1

Where r; denotes the factor returns, a; the sensitivity

of the portfolio to the factors, and Cov; ; Is the
covariance matric of factor returns

Change of time horizon: VaR(nAt,a) = vn VaR(At, @)
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Analytical VaR - Example

Consider a Czech investor holding a portfolio of:
o a units of US Stock S&P500 ETF with price X; in USD
o b units of EuroStoxx 600 ETF with price X, in EUR

And denote S; the USD/CZK rate and S, the EUR/CZK rate
The value of the portfolio in CZK is: V = aS;X; + bS, X,

We can use linear aproximation to aproximate the
change of the portfolio value:

4
AV = Zz 1axl Xi = j=14iT;

av Ax;
Where: a; = —x; and r; —
l

dx; X

Portfolio variance is: o = a'Cov a = ZU 1a;a;Cov; ;
And portfolio VaR: VaR?¢' = g,q))



Cornish-Fisher expansion

Better approximation of AV can be achieved by
Including the second order terms:

AV Z] 1 ] T; + = ZL] 1yl]rl

0°V o
6xixj tJ

Quantiles of AV can then be estimated with the
Cornish-Fisher expansion:

dp [AV] = uy + WpOy

1 2
Where w, = q}) += [(q{,ﬁ’) + 1] &
Where €, Is the skewness of AV

Where )/l] =
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Alternative parametric distributions

 Alternative parametric distributions
— e.g. Student t-distribution

« Aproximates the fat tails of the return distribution

+ Variable /vi "% has a t-distribution with v

2 O
degrees of freedom /\ T
* VaR Is estimated [\ ,
. . / \
by using _qugntll_es /o
of the t-distribution / \

Source: MATLAB, 0 1 0 1 2 3 4 5
Author



t-Distribution VaR - Example

» Lets consider portfolio IV with parameters u = 0.5

and o = 2

 Table below shows the values of VaR and CVaR
with p=95% and p=99% for different v

« With infinite degrees of freedom the t-distribution
converges to the normal distribution

Degrees of freedom (v) | VaR(95%) | CVaR(95%) | VaR(99%) | CVaR(99%)
3 2.71 4.47 5.24 8.11
5 3.11 4.54 5.21 6.88
7 3.24 4.2 4,94 5.99
Infinite (normal) 3.29 4.12 4.65 5.33

Source: Author
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Disadvantages of VaR

« Disadvantages of VaR: model dependence,
volatility and correlations estimates
dependence (CHF example)

S6H16 - Swiss Franc - Daily Nearest OHLC Chart

W Op:1.04300, Hi:1.04960, Lo:1.04220, CI:1.04250 124000

-11.22000

-11.20000

=1.18000
":‘»JV‘t -1.16000
i -L -11.14000
1T —1.12000

—11.10000

1_“ ‘]—J' ++ -|—~|"L-I-.L _L_LLLH -1 o8000
+r ‘L .l_L -11.06000

1 Bl 04250
1 HET
'1_|"L.|—-l‘ -LI"‘—‘--L.»--L_;_,_ -1.02000

-1.00000
4
Hr inEE - 093000

150K RVl 16,276 W Dpen Interest. 39,651 096000

100K

100K [ {50k
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Source: Barchart
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Basel Capital Accord

« BCBS 1988: Basel | or “The Accord”

« BCBS 1996: Market Risk Amendment
« BCBS 2004: Basel Il

« BCBS 2010: Basel Il

* Regulatory capital= Credit + Market + Operational
risk capital
« Market risk: standardized or internal model based
approach
Regulatory capital = kVaR(10 days,99)+SRC k=3

e Basel lll introduces stressed VaR, Incremental Risk
Charge (IRC), and CVA VaR

 Fundamental Review of the Trading Book (2012) —
Basel Consultative document proposing to use CVaR
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Asset price movements
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NG
/ \ t . t
S&P500 returns EUR/USD returns
0.15 T T T T 0.04 T T T T
0.03 1
011
0.02 J
1 £ 0.01 1
3
D
J o 0 |
-0.01 1
-0.02 1
_0.1 L 1 1 L L L _0-03 1 1 1 1
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0.6 ' : T . 0.2 | T . : .
_0.4 L 1 1 L L 1 -] ‘5 L 1 L 1 L 1
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Day Day
Source: MATLAB
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Asset return distribution
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VIX return histogram and Gaussian fit
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Asset price correlation

S&P500 and VIX bivariate Gaussian fit (with 99.99% confidence intervals)
S&P500 daily return std.dev = 0.011749
VIX daily return std.dev = 0.070464
Correlation = -0.74212

0.5 o

0.4 - . |

03 o

VIX returns
(e»]
[

=
o
[

_05 | | |
-0.1  -0.08 -0.06 -0.04 -0.02 0 0.02 004 006 0.08 0.1

S&P500 returns
Source: MATLAB 68
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Estimating Volatilities
(and Correlations)

Volatility estimated from historical data ...
forward looking volatilities ... option pricing

Standard approach

1 - S
2 Z 2 i
g, = 1 i (”r:—i i) U, = |nS_

Weighted estimates

i=| i=1
EWMA — Exponentially Weighted Moving
Average

o =hop (1= Mupey o =(1-0) Al
i=1
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ARCH and GARCH

(Generalized) Auto-Regressive Conditional Heteroskedasticity

+ ARCH(m) Model o} =yvi + Y aui, 7+ =1
» GARCH(1,1) Model o = yv, +au_, + o,

yto+pg=1

* |t can be shown to correspond to the
variance mean-reversion process

dV =a(V, -V)dt+&vdz, a=y, E=a?2

70
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FTNANCTAL ENGTNEERTNG
The series of PX index values and daily returns
PX index PX returns
2500,00 - 0,15 -
2000,00 - 011
0,05 -
1500,00 -
0
1000,00 1 3.102 113103 [ 3.1.04) 3.1.05 31.06| 3.1.07 3‘1 3109 .1. o 3.1.11
-0,05 -
500,00 - 0,1 -
0,00 -0,15
19.4.01 1.9.02 14.1.04 28505 10.10.06 22.2.08 6.7.09 1811.10 1.4.12 02
1Y Volatility
Last 252 days, equally weighted,
annualized: w000% |
30,00% -
6 =1.32%x+/252 =21.01% N
Source: MATLAB O’OOly;.g.oz 14.i.o4 28.I5.05 10.1Io.06 22.I2.08 6.7I.09 18.1I1.1o 1.4I.12 71
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Estimating Volatilities Example

p.a.
140,00%

120,00% i

100,00%

----- Equal weights
— EWMA

80,00% \
—— GARCH

60,00%

40,00% |

>
————
- -
Sa

20,00% +—& - i

0,00% T T T T T T )
01.09.2002 14.01.2004 28.05.2005 10.10.2006 22.02.2008 06.07.2009 18.11.2010 01.04.2012

Comparison of equal weighted, EWMA, and GARCH(1,1)
historical daily PX index volatility ( 4 =0.97),

Source: OxEdit 72
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5 x1073 S&P500 GARCH volatility
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GARCH volatility illustration
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Maximum Likelihood

Calibration

* Find the coefficients (EWMA, ARCH, GARCH) to
maximize the likelihood function

(Y2
f(Uo,a,f) = HGJ_ \ Zaizj

« To perform the maximization, likelihood is converted
to the log-likelihood (the maximum is the same)

N

utwaas) = wl o -] -3 -2
uw,alf)= n exp | — = n —
o; V2T P 20_1'2 = o; V2T 207

 GARCH usually provides the best results (EWMA
does not incorporate mean reversion)
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GARCH Estimation - Example

| | | D | . | H
1 Date EURUSD returns sqgret GARCHVol LL GARCH par
2 2-Jan-15 1.2003 0 0 4.38E-05 0 omega 6.0413E-06
3 | 5-Jan-15 1.1934 -0.00577 3.3E-05 4.06E-05 3.727562 alfa 0.07323705
4 | 6-Jan-15 1.1889 -0.00378 1.4E-05 4.05E-05 3.961779 beta 0.78893467
5 | 7-)an-15 1.1839 -0.00421 1.8E-05 3.91E-05 3.928928 LL 1788.42601
6 8-Jan-15 1.1793 -0.00389 1.5E-05 3.82E-05 3.969379 Source: Author

GARCH Volatility - EUR/USD (2015-2017)

1. Fill the returns time-series and
random initial GARCH parameters

2. Compute GARCH predictions of
variance for each day

3. Calculate the daily contributions to ..

0.00012

the log-likelihood and their sum

4. Use Solver to find the values of T
param ete TS (U, a and B th at @0‘\’%&@0;)9’5‘/%,\?521@@{ %,\Qe’ (’,\o’%}ﬁ%,L,&%pé’w@%gzu%9«(1@: ,s\"“‘/%,v*i X‘@«q\\,« (7,\§(7}§5;’@Q’<’Q§% :\@'%/Q@c
maximize the total log-likelihood 2

N
1 2 B
LL(u:w,a,ﬁ)=21n[ exp<—u_‘2)] yt+h+a=
= oz i w=7yV 75
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Forecasting Future Volatility
* Given the GARCH(1,1) parameters at
the end of day n-1, estimate
ocl=(1-a- BN, +au’ + poc’,, ie.
o-r?_VL:a(ur?—l_V ) IB( Oy —V, )

* On day n+k
Ok — ( ) ( o —V,_), and so
E[O- :(CZ-I-,B) |: n+k -1 VL:|’

E[c?, 1=V (a+,b’)k(a -V )

76
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Volatility Term Structure
implied by the model

A WVariance Lk Variance
rate rate

Time Time

(a) (b)

Figure 17.2 Expected path for the variance rate when (a) current variance rate is above long-term
variance rate and (b) current variance rate is below long-term variance rate

f vl ,
Expected (daily) variance over the life of an option N z E(0; 1)
k={}

Table17.4 Impact of 1% change in the instantaneous volatility predicted
from GARCH(1.1)

Option life (days) 10 30 50 100 500
Option volatility now (%) 12.03 11.61 11.35 11.01 10.65
Option volatility after change (%) 12.89 12.25 11.83 11.29 10.71
Increase in volatility (%) 0.86 0.64 0.48 .28 0.06

Source: John Hull, Options, Futures, and Other Derivatives, 5th edition 77
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GARCH extensions

FIGARCH — In practice volatility returns to its mean slower
than exponentially, FIGARCH (fractionally integrated
GARCH) solves this — hyperbolic decay (i.e. long memory)

AGARCH, EGARCH, GJR-GARCH - Introduce
correlation between the price changes and the volatility

Negative returns have a larger impact on volatility than
positive ones (on the stock markets)

GJR-GARCH(1,1):
of =K+ 807, + aef_; + def_11_4
Whel’e It—l — O |f €r—1 > O, and It—l =1 ifEt—l < O

For a review see Bollerslev (2009) “Glossary to ARCH (GARCH)"
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Long memory of volatility

%0 VIX index evolution 14 Sample Autocorrelation Function
80 [
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Source: MATLAB Source: MATLAB g

« The long-memory effect can best be seen from the
autocorrelation function of the VIX index

« We can see that the autocorrelation function decays in a
In a very slow, hyperbolic way, and not the exponential

one assumed by short-memory models (e.g. GARCH)
79
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Estimating Covariances and Correlations
« Standard sample estimate

N

1 i L0 iy
COij=Werrk Cov=WZ(r)r
i=1

i=1

N N N
« EWMA Cov :%ZAN‘ (r')r', wherec=> A"" = 11_/1/1
i=1 i=1

« Scalar BEKK

Cov, =Q+a(r)r= + gCov, ,

e« GARCH BEKK Cov,=C'C+A(r+)r+*A"+BCov,_,B’

« DCC GARCH... univariate GARCH to
estimate volatilities and scalar BEKK on
normalized returns to estimate correlations

« Copula correlations (dependence modeling)
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Copula correlations

Enable the modeling of tail correlation
Correlations increase Iin extreme market conditions

Sklar‘s theorem — Any multivariate distribution
H(xq, ..., x,) can be expressed in terms of its marginals
F;(x) = Pr[X; < x] and copula C:

H(xq, ..., x,) = C(Fl(xl), ...,Fn(xn))

Gaussian copula:

Uy, ..., U, is multivariate normal for U; = N™(F;(x;))
Student-t copula:

Uy, ..., U, has multivariat t-dist. U; = T~(F;(x;))
Archimedian copulas:

Ca(uy, s up) = @ H(@(ug) + - + o(up))

For example Gumbel copula: @(u) = (—ln(u))a
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lllustration — Bivariate Normal Distribution vs.
Gumbel copula with Normal marginals

Bivariate Normal Distribution (rho=0.5)
Density Contour

x2
0
|

%1
Gumbel copula (param=2) with normal marginals
Density Contour

L]

o

o

C\Il —

t';) —
T T T T T T T
3 2 1 0 1 2 3

Source: https://en.wikipedia.org/wiki/Copula_(probability_theory) 82
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Bivariate Gaussian copula with p = 0.5 Bivariate Student-t copula with p = 0.5 and dof =1

Bivariate Gumbel copula with .= 4 Bivariate Clayton copula with o= 5

Source: https://en.wikipedia.org/wiki/Financial_correlation
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Copulas for VaR estimation

« Enable the separate modelling of univariate
distributions of the asset price time series vs. their
Interdependencies

 How to proceed:

1.

Model each of the return time-series with an univariate model
that best describes its characteristics (i.e. with stochastic volatility
and appropriate error term distribution)

Use the univariate model and the cumulative distribution function
of the error term distribution to transform each of the time series
into a series of uniformly distributed random variables

Apply an appropriate copula model (potentially with dynamic
parameters) to capture the inter-dependency between the time
series

To compute VaR and cVaR, first simulate uniformly distributed
random variables from the copula and then transform them into
simulated returns by using the univariate time series models and
error term distributions
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Extreme Value Theory (EVT)

ldea — we can fit certain distribution only to the tail
of the empirical distribution

Let X be a los variable (negative return) with
distribution F, and define excess losses as:

F(u+y)—F
E(y)=PX—u<ylX>u]= (ul_y;(u)(u)

According to Gnedenko, for a wide class of F the
excess function F,(y) converges to the generalized
Pareto cumulative distribution (GPD)

We can then use the GPD to estimate:

PriX >x] = (1-Fw)(1- Gepay(x —u) )

We can then solve Pr[X > VaR]|=1—«

GPD also enables to calculate the expected shortfall
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Generalized Pareto Distributiohw

o=1, &1

o=1, &=5

0=1, £=20
- = g=2,¢=1
— = g=2,&5

- = 0=2,&=20

Source: https://en.wikipedia.org/wiki/Generalized_Pareto_distribution
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Stochastic-Volatility Jump-Diffusion

Simulation of the market factors with SVJD processes

Stochastic volatility — Increases the tails of the
return distribution in longer horizons

Jumps — Increase the tails of the return distribution in
shorter horizons

Example — Log-Variance model with Poisson jumps
Log-Price process: dp(t) = pdt + o(t)dz(t) + j(t)dq(t)
Log-Variance process:. dh(t) = k[0 — h(t)]dt + Edz, (t)

Where: h(t) =In[o?2(t)] j{)~N(u;0;) Prldq(t) = 1] = Adt

The model can further assume correlation between dz
and dzy, time-variability of A, or jumps in h(t)

Parameter estimation methods like MCMC .



SVJD models - Example

* Four types of stochastic processes were fitted to the
EUR-USD historical returns time series:

1. Geometric Brownian Motion

2. Log-SV model

3. SVJD model with Poisson jumps
4. SVJID model with Hawkess jumps

« Value at Risk and Expected Shortfall were then
computed by simulating the processes over the 3-
month period into the future

88
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1.4

Price

0.6

Source: MATLAB

Geometric Brownian Motion
VaR95=0.1118, VaR99=0.1649
ES95=0.1413, ES99=0.1827

Stochastic volatility and Poisson jumps
VaR95=0.2029, VaR99=0.3115
ES95=0.2618, ES99=0.3375

1.5

Price
-

0.5

Price
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3-Month VaR estimation with SVJD models

Model with stochastic volatility
VaR95=0.14, VaR99=0.2246

ES95=0.193, ES99=0.2692

20 30 40 50 60 70

Stochastic volatility and Hawkess jumps

VaR95=0.2316, VaR99=0.3241
ES95=0.2838, ES99=0.3484

T
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