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• The presentation is based on the following 
sources:

• Snyder Christopher M Walter Nicholson and Robert Stewart. 2015. 
Microeconomic Theory : Basic Principles and Extensions EMEA ed. 

Andover: Cengage Learning. +
• Varian Hal R. 2020. Intermediate Microeconomics : A Modern Approach Ninth 

ed. New York: W.W. Norton & Company. +
• Excerpts from Gravelle H O Hart and R Rees. 2004. Advanced 

Microeconomics. 
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Optimum, but no tangent



Optimum, but no tangent



Several tangents, but not all 

of them optimal



For the moment:

-Rule out “kinky tastes”

-Rule out corner solutions &  focus on interior 

solutions

Generally:

- Assume convex preferences
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• QC*PC + QP*PP=M

• QC*PC =M - QP*PP

• QC = (M - QP*PP)/PC
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Use Lagrange 



The maximization problem becomes:
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• Imagine that Pizza and Cola are equally expensive, so PP = PC

• Also adding one more unit:

– of Pizza increases utility with 2

– of Cola increases utility with 1

• You can change your consumption:

– Exchanging Cola for Pizza: so more Pizza, less Cola

– Exchanging Pizza for Cola: so more Cola, less Pizza

• What do you choose?

– Exchanging Cola for Pizza: so more Pizza, less Cola!

In formulas:
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Our diagram analysis:

Adding more pizza gives 2x 
more pleasure than adding more 
cola and adding more pizza cost 

the same as adding more cola

Adding more pizza gives 2x 
more pleasure per cost than 
adding more cola



– Pizza cost $4

– Cola cost $1

• Also adding one more unit:

– of Pizza increases utility with 1

– of Cola increases utility with 1

• You can change your consumption:

– Exchanging Cola for Pizza: so more Pizza, less Cola

– Exchanging Pizza for Cola: so more Cola, less Pizza

• What do you choose?

– Exchanging Pizza for Cola: so more Cola, less Pizza!

In formulas:
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More Cola, less Pizza!?
p P

c C

MU P

MU P
Our diagram analysis:

Adding more pizza gives ¼ the 
pleasure of adding more cola 
and adding more pizza cost the 

same as adding more cola

Adding more pizza gives 
¼th of the pleasure per 
cost as adding more cola



• Imagine that 

– Pizza cost $4

– Cola cost $1

• Also:

– adding one more unit of Pizza increases utility with 3

– adding one more unit of Cola increases utility with 1

• You can change your consumption:

– Exchanging Cola for Pizza: so more Pizza, less Cola

– Exchanging Pizza for Cola: so more Cola, less Pizza

• What do you choose?

– Exchanging Pizza for Cola: so more Cola, less Pizza!
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• Perfect substitutes
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In the interior of the budget 

constraint:

can increase utility by 

increasing expenditure on 

either pizza or cola.
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Note:
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But:
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• Unusual preferences
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Exercises



Wanda’s utility function is U(x, y) = x + 63y — 3y2. 

• Her income is 184, 

• the price of x is 1 

• the price of y is 33.

How many units of good y will Wanda demand?

MRT three methods: “intuitive”, “algebraic”, and “mathematic”

1. Intuitive:

• One more x costs $1 (Px)

• By how much should Wanda reduce her consumption of y to save $1?

• 1/33 (1/Py)
• Thus MRT = -1/33 (Px/Py)

2. Algebraic :

• 1* x + 33* y=184

• 33y =184 – x
• y = (184/33) – (1/33) x
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3.Mathematic: 
33

Why is this true?
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Derivation method 1: 

implicit function derivation

Slope=TRS

Budget restriction
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Wanda’s utility function is U(x, y) = x + 63y — 3y2. 

• Her income is 184, 

• the price of x is 1 

• the price of y is 33.

How many units of good y will Wanda demand?

...

...

MU
MRS

MU
=

MUx
MRS

MUy
= −

U
MUx

x


=


1=

U
MUy

y


=


63 6y= −

1

63 6
MRS

y
= −

−

y

0 x

MRS = MRT

MRS

MRT



Wanda’s utility function is U(x, y) = x + 63y — 3y2. 

• Her income is 184, 

• the price of x is 1 

• the price of y is 33.

How many units of good y will Wanda demand?
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And how many units of good x?

33 184x y+ =

Budget restriction:

184 33x y= −

184 33 5x = −  184 165 19= − =



• Be careful with considering quasi-linear 

utility functions…



Wanda’s utility function is U(x, y) = x + 63y — 3y2. 

• Her income is 100, 

• the price of x is 1 
• the price of y is 33.

How many units of good y will Wanda demand?
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Budget restriction:
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100 33 5x = −  100 165 65= − = −
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Wanda’s utility function is U(x, y) = x + 63y — 3y2. 

• Her income is 100, 

• the price of x is 1 
• the price of y is 33.

How many units of good y will Wanda demand?
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• Gravelle & Rees, Chap 2.B





In Fig. 2.8 there is a tangency solution







λ is the utility of money!



Corner solutions

if the marginal utility of expenditure on good i, (ui/pi), is less than the 

marginal utility of money at the optimal point, λ*, then good I will not be 

bought since the consumer will get greater utility by expenditure on other 

goods.



• What to do?

• Use KKT!
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the budget restriction here?
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• Basic U-functions

– Quasi-Linear

1. Cobb-douglas

2. Linear

3. Leontiev

• The 3 are special cases of CES!
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• The CES production function 
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• The CES production function 
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• The CES production function 
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• The elasticity of substitution of the CES pf
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Linear preferences

Cobb-Douglass

Leontief preferences













Better to levy tax on a good (x1) or on income 

(M)?

On a good:



Better to levy tax on a good (x1) or on income 

(M)?

On income:





Steps

• First consider quantity tax on good 1

– What is the revenue R?

• Now look what would be the budget 

restriction that brings the same revenue R 

but is levied on income

• Compare outcomes




