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Optimal consumer choice!
Slope of the IC = Slope of Budget restriction

MRS = MRT
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X, Kinky tastes.

Indifference
curves

Optimum, but no tangent

Budget line

Kinky tastes. Here is an optimal consumption bundle where
the indifference curve doesn’t have a tangent.



Indifference
curves

Optimum, but no tangent

Budget
line

X X1

Boundary optimum. The optimal consumption involves con-
suming zero units of good 2. The indifference curve is not tan-
gent to the budget line.



Several tangents, but not all

Indifference of them optimal
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For the moment:
-Rule out “kinky tastes”

-Rule out corner solutions & focus on interior
solutions

Generally:

- Assume convex preferences



If we are willing to rule out “kinky tastes” we can forget about the
example given in Figure 5.2.! And if we are willing to restrict ourselves only
to interior optima, we can rule out the other example. If we have an interior
optimum with smooth indifference curves, the slope of the indifference curve
and the slope of the budget line must be the same ... because if they were
different the indifference curve would cross the budget line, and we couldn’t
be at the optimal point.
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Expenditure Budget

K_H

* Qc*Pct Qp*Pp=M

* Qc*Pc=M - Qp*Pp

* Qc=(M-Qp*Pp)/P¢

* Qc=M/Pc— (Pp/Pc)* Qp

MRT = AQc :—i

AQ, P-
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Chap 5: Appendix
P11 + P2T2 = M.

max u(x1,x2)

L1,T2

such that pix1 + p2x2 = m.

m dx
1172(2171) = — — Zi:171 > o2 _ph
P2 P2 dxq D2

maxu(.ccl, M/pz — (Pl/pz)ﬂfl)

L1

Ou(z1,z2(r1)) | Oul(z1,x2(71)) doo

8$1 | 8:1’72 d:lfl

=0



Chap 5: Appendix

Ou(x1,x2(x1)) | Ou(x1,x2(x1)) drs dzz _  p1

0x1 | O doy 0 dx, P2

ou(xi, x3)/0x M

ou(zy,x5)/0x2  po

which just says that the marginal rate of substitution between z; and x2 must
equal the price ratio at the optimal choice (27, x5). This is exactly the condition



u(ajlj 3:2) P12, +p2$2 —m = O

Use Lagrange
L = ’U;(Ila $2) — )\(plfﬂl —|—p2332 _ m)

OL _ OQu(zy,z3)

om, = om0
OL _ Ou(wy, ) B
0x2 N Oxo )\p2 =0
OL

O\ pP1Ty + P2Xo

Ou(zy,x3)/0x2  p2




w(zy, z2) = x5 3.

lnu(asl,atg) =clnxz1 + dln xo

The maximization problem becomes:
max clnxi + dln xo

L1,T2

such that pi1x1 + p2x2 = m

Set up the Lagrangian



Now for Lagrange’s method. Set up the Lagrangian

L=clnzi +dlnze — A(p1x1 + p2x2 — m)

0L C
- = A —
0x1 L1 p1 0
oL d
= _\p> =
85172 L2 bz 0
6—L = p121 + p2x2 —m =0
aA — P11 P22 — U.
C = Ap1T1
d = A\paxa. c+d=Apiz1 + p2r2) = Im

c+ d
m

\ =




\ —
m

Cc = Ap121

d = )\psz‘Q.

c m
c+dpr
d m

C—I—dpzj



The second way is to substitute the budget constraint into the maximization
problem at the beginning. If we do this, our problem becomes

max clnxi + dIn(m/p2 — x1p1/p2)

L1

R R )

L1 m — P11 P2
o _C m
' c+dpr

Xro = m/pz — I1p1/p2

N d m
7 e+ dps
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Slope indifference curve
SHALLOWER than
Slope budgetline
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Imagine that Pizza and Cola are equally expensive, so P, = P,
Also adding one more unit:
— of Pizza increases utility with 2
— of Cola increases utility with 1
You can change your consumption:
— Exchanging Cola for Pizza: so more Pizza, less Cola
— Exchanging Pizza for Cola: so more Cola, less Pizza
Whatdo you choose?
— Exchanging Cola for Pizza: so more Pizza, less Cola!

In formulas:

Adding more pizza gives 2x

PP _ 1 M U more pleasure than adding more

P_ —_— Y = 1 —p — colaand adding more pizza cost
the same as adding more cola

c 1 MU
Adding more pizza gives 2x
more pleasure per costthan
adding more cola
. . MU, P, |
Our diagram analysis: >—7 ==p More Pizza, less Cola!

MU, ~ P.

C



— Pizza cost $4
— Cola cost $1
« Also adding one more unit:
— of Pizza increases utility with 1
— of Cola increases utility with 1
* You can change your consumption:
— Exchanging Cola for Pizza: so more Pizza, less Cola
— Exchanging Pizza for Cola: so more Cola, less Pizza
« Whatdo you choose?
— Exchanging Pizza for Cola: so more Cola, less Pizza!

In formulas:
Adding more pizza gives Y4 the
P 4 M U 1 pleasure ofadding more cola
_P —_— — — 4 P - 1 and adding more pizza costthe
- - same as adding more cola

P 1 MU, 1
Adding more pizza gives
Yath of the pleasure per
costas adding more cola

. . MU, P .
Our diagram analysis: YITRD PF’ ? = More Cola, less Pizza!
c C



Imagine that
— Pizza cost $4
— Cola cost $1
Also:
— adding one more unit of Pizza increases utility with 3
— adding one more unit of Cola increases utility with 1
You can change your consumption:
— Exchanging Cola for Pizza: so more Pizza, less Cola
— Exchanging Pizza for Cola: so more Cola, less Pizza
Whatdo you choose?
— Exchanging Pizza for Cola: so more Cola, less Pizza!

MU, _3_ P _4_, W, (&
MU, 1 P 1 MU, R
What if e _ Fe 5
at i MU~ P ° ™ More Cola, less

C .
‘ Pizza!
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/ Optimal consumer choice!

Note:
MRS # MRT
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* Perfect complements



Quantity
of Cola

500

250

Cansumer Choice

50

100

200

Quantity
of Pizza



Quantity
of Cola

500

250

Consumer Choice

Quantity




Cansumer Choice

Quantity
of Cola

Optimal consumer choice!

Note:
MRS # MRT

500

250

Quantity

0 50 100 Q0 _
Ne =500 — 5* Qp of Pizza



» Unusual preferences
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Wanda's utility function is U(x, y) = x + 63y — 3y=. MRS = MRT

- Her income is 184, A/

 thepriceofxis 1

» the price of y is 33. MRS

How many units of good y will Wanda demand? —

0
MRT three methods: “intuitive”, “algebraic”, and “mathematic”
1. Intuitive:

« One more x costs $1 (P,)

* By how much should Wanda reduce her consumption of y to save $17?
- 1/33 (1/P,)

» Thus MRT =-1/33 (P,/P,)

2. Algebraic :
e 1*x + 33*y=184

. 33y =184 —3 ~1
.y MRT = —

8 p 1

- dy x
3.Mathematic: MRT = |M=—§—_B =~b ~ 3 Why is this true?

Sy y



Budget restriction

4 ti
M =B(X,Y)
M = B(X, y(x))
b
\
N\
3
Slope:TRS\ AR q=14
0



Derivation method 1; —
implicit function derivation M = B(X, Y(X))

Budget restriction dm _ dB(X1 y(X))
Y dx dx
0 SB(x, y(x)) N SB(x,y(x)) dy
O X oy dx
dv( x SM(X,y)
TRs =X
L dx (X,y)=M SM(X,y)
N oy
f
J
\
Slope:TRS\\s




Wanda’s utility function is U(x, y) = x + 63y — 3y2.
 Her income is 184,

 thepriceofxis 1

» the price of y is 33.

How many units of good y will Wanda demand?

MRS = MRT

MRT

MRS




Wanda’s utility function is U(x, y) = x + 63y — 3y2.

- Her income is 184, A/

 thepriceofxis 1
» the price of y is 33.

MRS = MRT

MRS

How many units of good y will Wanda demand? —
-1 -1

MRT = — MRS =

\ 33 63—6y J
MRT = MRS

-1 — -1 And how many units of good x?
33 63-06y Budget restriction:
33=63-6y X +33y =184

Oy =30 X =184 —33y

y=>5 x=184—-33.5 =184—-165=19




» Be careful with considering quasi-linear
utility functions...



y
Wanda'’s utility function is U(x, y) = x + 63y — 3y2. MRS =MRT
+ Herincome is 100, —
 thepriceofxis 1 VRS
» the price of y is 33.
How many units of good y will Wanda demand? MRT
MRT = MRS =
\ 33 63—6y
MRT = MRS
-1 — -1 And how many units of good x?
33 63-6y Budget restriction:
33=63—6Y X +33y =100
Oy =30 x =100 — 33y o)

y=>95 X=100-33-5 =100—165=—65



Wanda’s utility function is U(X, y) = x + 63y — 3y?.
 Herincomeis 100,

 thepriceofxis1
* the price of y is 33.
How many units of good y will Wanda demand?

\ MRS = MRT
\ K

N\

MRT \

M 100 _

Onlyyis consumed Y=—

p, ~ 33

y

0

33



* Gravelle & Rees, Chap 2.B



max u(x;, X,, ..., X,)

X1, Xn

s.t. Y pix; < M,

Figure 2.8




In Fig. 2.8 there is a tangency solution

d,| _dx,
dx,

1 constant 1 M constant

MRSZ] — % — %
2 2

U, U

| R 2

u u
L_%

P P2






dx| _dx

dxl u constant 1 M constant
—dx u —dx
d 2 — MRSlZ — _1 = & — d =
Xl u constant uz p 2 Xl M constant
u u
U, = - > -2

pr P>



A is the utility of money!



Corner solutions

x7>0
JdL
—— = U — A*pi =0, xi=0, xi(u; — A*p;) =0
X,
i=1,2,...,n
= 2, x;{ﬂ—A*J:o
pi pi

If the marginal utility of expenditure on good i, (ui/pi), is less than the
marginal utility of money at the optimal point, A*, then good | will not be
bought since the consumer will get greater utility by expenditure on other
goods.



« Whatto do?
e Use KKT!



U[X, y]= x+63y—3y’ s.t. pX+p,y=M o -1
L[X, Y, A]=x+63y—3y*+ A(M - p,x—p,y) p, =33
KKT-FOCs:

0=L, =x-(1-4p,) &(1-1p,) <O
0=L, = y-(63—6y—/1py)&(63—6y—/1pv)sO

1 — 3. _ _ Do | have to use KKT for
O=l,=4 (M PxX = Py y) the budget restriction here?

Casel: x>0,y>0
A=1
Py p
y=%(63—/1py)=%(63——y]=%(63—33)=5
Py
pX=X=M-p y=M-33-5=M -165
Thus this case can only happen when M > 165



U[X, y]= x+63y— 3y’ s.t. p,x+p,y=M p, =1
L[X, y,A]= X +63y—3y° +ﬂ,(l\/l —p X— pyy) p, =33
 KKT-FOCs:
0=L =x-(1-4p,) &(1-4p,)<0
0=L,=y-(63-6y—4p,)&(63-6y—Ap,)<0
_ — Do | have to use KKT f
O=L=4-(M-px-py) the bu?l\é?et Festriction here?
Case 2: x=0, y>0] x=0 OKI
A=(63-6y) v
A=21]63-6.-—
y=a- ( 33)
p, 33

Let's check that (1-Ap,) <0



Case 2: x=0,y>0 OK!
/1=piy(63—6y)

M
_M_M ﬂ=3—g(63—6-§)

y py—g

Let's check that (1-4p,)<0

(1-4p,) <0< 4 63-6- 2 |>1e[63-6- 1 | >33
33 33

<:>—6-M>—30<:>M<5<:> M <165
33 33



Thus:
X[p,=1p,=33 M]
=0 If M <165
=M-165 IfM >165

ylp, =1,p, =33, M]
M
"33
=5 if M > 165

If M <165



* Basic U-functions
— Quasli-Linear
1. Cobb-douglas
2. Linear
3. Leontiev
« The 3 are special cases of CES!



 The CES production function

1
y=|:X1p + sz]p

FAGJDH FACTOR FACTOR
2 2

FACTOR 1 FACTOR 1 FACTOR 1
A B Cc

Linear pf Cobb-Douglas pf Leontief pf

p=1 p:O p=-c



 The CES production function

1
y=|:X1p + sz]p

FACTOR | Linear pf p=1
2

1
1 1|z
y=|:x1+x2:| =X, + X,

FACTOR 1
A



 The CES production function

1
y=|:X1p + sz]p

Cobb-Douglas pf p=0

FACTOR
2

FACTOR 1

)

Same TRS as Cobb-
Douglas pf!




 The CES production function

1
y=|:X1p + sz]p

Leontief pf p=-

FACTOR
2

X, > X, =>TRS=-00 vertical

X, <X, =>TRS =0 horizontal

FACTOR 1
c

Same TRS as Leontief pf!




« The elasticity of substitution of the CES pf

d(X,/X%)
o = (Xo/%q) — d(X;/%X;1) TRS
dTRS dTRS  (X,/%)

TRS




CES utility

The three specific utility functions illustrated so far are special cases of the more general

constant elasticity of substitution function (CES), which takes the form

) )

utility = U(x,y) = =+%.

where 6 < 1,8 # 0, and

0 = (. Cobb-Douglass utility = U(x,y) = Inx + Iny

o=1 Linear preferences

' ® = —® Leontief preferences

(3.29)

(3.30)



CES utility

The three specific utility functions illustrated so far are special cases of the more general

constant elasticity of substitution function (CES), which takes the form

5 ad
utility = U(x, y) :%—0—%,

where 8 < 1,8 # 0, and

Case 1: & = 0.5. In this case, utility is
U(x,y) _ xO.S _|_y0.5.

Setting up the Lagrangian expression

£ =2+ + NI - px—p,y)

yields the following first-order conditions for a maximum:
0f/ox = 0.5x795 —\p_= 0,
0% /0y = 0.5y7°% —\p, =0,
0L/oN =1 —p.x— p,y=0.

(3.29)

(4.29)

(4.30)



Division of the first two of these shows that
(v/%)"° = b,/ (4.31)

By substituting this into the budget constraint and doing some messy algebraic manipulation,
we can derive the demand functions associated with this utility function:

= 1/p,[1+ (2./5,), (4.32)

vy =1/p,1+(p,/p,)] (4.33)

Price responsiveness. In these demand functions notice that the share of income spent on,
say, good x—thatis, p,x/I = 1/[1 + (p,/p,)]—is nota constant; it depends on the price ratio
./ p,- The higher is the relative price of «, the smaller will be the share of income spent on
that good. In other words, the demand for x is so responsive to its own price that a rise in the



CES utility

The three specific utility functions illustrated so far are special cases of the more general
constant elasticity of substitution function (CES), which takes the form

) )

utility = U(x, y) = % + %, (3.29)
where 8 < 1,8 # 0, and
Case 2: 5 = —1.
Ux,y) = -« =y, (4.34)

and it is easy to show that the first-order conditions for a maximum require

y/x=(p,/p,)°"". (4.35)

Again, substitution of this condition into the budget constraint, together with some messy
algebra, yields the demand functions

& =I/p, 1+ (p,/2.,)"],

) s (4.36)
vy =1/p,1 +(2./p,)""]-



That these demand functions are less price responsive can be seen in two ways. First, now the
share of income spent on good x—that s, p.x/I = 1/[1 + (p,/ .)"°]—responds positively to
increasesin p, . As the price of x rises, this individual cuts back only modestly on good «, so total
spending on that good rises. That the demand functions in Equations 4.36 are less price
responsive than the Cobb-Douglas is also illustrated by the relatively small exponents of each
good’s own price (—0.5).



CES utility

The three specific utility functions illustrated so far are special cases of the more general
constant elasticity of substitution function (CES), which takes the form

) )

utility = U(x, y) = % + %, (3.29)

where 8 < 1,8 # 0, and

Case 3: 0 = —o,

(3) The Leontief production function (p = —00). We have just seen that
the TRS of the CES production function is given by equation (1.1). As p
approaches —oo, this expression approaches

ras=-(2) "=~ (3)”
Z2 |

If zo = z; the TRS 1s (negative) infinity; if xo < x1 the TRS is zero. This
means that as p approaches ~oo0, a CES 1soquant looks like an isoquant
associated with the Leontief technology. il



5.6 Choosing Taxes

Better to levy tax on a good (x1) or on income
(M)?

On a good:
P11 + P22 = M.

(p1 + t)x1 + p2xe = m.

(p1 +t)x] + p2x5 = m.

R* = ta?



5.6 Choosing Taxes

Better to levy tax on a good (x1) or on income
(M)?

On Income:

p1T1 +p2x2 =m — R°
%
P11 + patty = m — tx]

* *
pP1T] + paxs = m — txy?

(p1 + t)x] + p2xs5 = m.



Optimal
choice
with
quantity
tax

Indifference
curves

Optimal choice
with income tax

Original
choice

Budget constraint
with income tax

slope = — p,/p,

x§ Budget constraint X
with quantity tax
slope =—(p_ + t)/p,



Steps

* First consider quantity tax on good 1
—Whatis the revenue R?

* Now look what would be the budget
restriction that brings the same revenue R
but is levied on iIncome

 Compare outcomes
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